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Pairwise comparison data 
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Team 1 Team 2 Score

France Portugal 2-5

Luxembourg Greece 0-3

... ... ...

Turkey Slovakia 1-1

Bulgaria Kosovo 0-1

Association football example: Questions we might want to ask:

“How can we quantify the 
skill of France?”

“How likely is South Korea 
to beat Germany?”

→ we need pairwise comparison models.



si ⇠ N (0,�2)
<latexit sha1_base64="iBqJEKBf+8hcXui8sJPkCiQKLc4=">AAACG3icbVDLSgMxFM34rPVVdekmWIQKUmaqoMuCG1elgn1AZyyZNNOGJpkhyQhlmA/wI/wGt7p2J25duPRPzLSzsK0HAodzzuXeHD9iVGnb/rZWVtfWNzYLW8Xtnd29/dLBYVuFscSkhUMWyq6PFGFUkJammpFuJAniPiMdf3yT+Z1HIhUNxb2eRMTjaChoQDHSRuqXyqpPoasohxC6HOkRRixppBX7PFOHHD3UzkzKrtpTwGXi5KQMcjT7pR93EOKYE6ExQ0r1HDvSXoKkppiRtOjGikQIj9GQ9AwViBPlJdPPpPDUKAMYhNI8oeFU/TuRIK7UhPsmmd2rFr1M/M/rxTq49hIqolgTgWeLgphBHcKsGTigkmDNJoYgLKm5FeIRkghr09/cFp+nphNnsYFl0q5VnYtq7e6yXG/k7RTAMTgBFeCAK1AHt6AJWgCDJ/ACXsGb9Wy9Wx/W5yy6YuUzR2AO1tcvXbGgVQ==</latexit>

Latent skill model
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p(i � j) =
1

1 + exp[�(si � sj)]
<latexit sha1_base64="HG+BMlUV/2K3oGVTANntbUUCUhw="></latexit>

p(s | D) / p(s)
Y

(i,j)2D

p(i � j)

<latexit sha1_base64="Ix18cYdMx7NrDq0ECn91v7Keh+Q="></latexit>

Given data     , the posterior distribution isD
<latexit sha1_base64="UP3JbDQ68thUsUruLlvz9QvaE80=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFRVxWsA+YDiWTpm1oMhmSjFCGrvwGt7p2J279Epf+iZl2Frb1QOBwzr3ckxPGnGnjut9OYW19Y3OruF3a2d3bPygfHrW0TBShTSK5VJ0Qa8pZRJuGGU47saJYhJy2w/FN5refqNJMRo9mEtNA4GHEBoxgYyW/K7AZEczT22mvXHGr7gxolXg5qUCORq/80+1LkggaGcKx1r7nxiZIsTKMcDotdRNNY0zGeEh9SyMsqA7SWeQpOrNKHw2ksi8yaKb+3Uix0HoiQjuZRdTLXib+5/mJGVwHKYvixNCIzA8NEo6MRNn/UZ8pSgyfWIKJYjYrIiOsMDG2pYUrocg68ZYbWCWtWtW7qNYeLiv1u7ydIpzAKZyDB1dQh3toQBMISHiBV3hznp1358P5nI8WnHznGBbgfP0CWKuX+A==</latexit>

latent skill of i

“i wins over j”

[Zermelo, 1928] 
[Thurstone, 1927]
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Actual setting
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Date Team 1 Team 2 Score

1923-09-15 France Portugal 2-5

1923-09-16 Luxembourg Greece 0-3

... ... ... ...

2018-06-21 Turkey Slovakia 1-1

2018-06-21 Bulgaria Kosovo 0-1

Data come with a timestamp. Questions we might want to ask:

“How strong was France 
in 1972? In 2018?”

“How likely is South Korea 
to beat Germany today?”

→ we need dynamic models.



This work: kickscore

si(t) ⇠ GP[0, k(t, t0)]
<latexit sha1_base64="LuQOmJp/62XYXmAp4JLOqHRlnj8=">AAACHHicbVDLSgNBEJyNrxhfUY9eBqOYQAi7UdBjwIOeJIJ5QLKE2clsMmRmd5npFcKSH/Aj/AavevYmXgWP/omTx8EkFjQUVd10d3mR4Bps+9tKrayurW+kNzNb2zu7e9n9g7oOY0VZjYYiVE2PaCZ4wGrAQbBmpBiRnmANb3A99huPTGkeBg8wjJgrSS/gPqcEjNTJnugOz0MBtzWXuC0J9JVMbqqjll3EgzwUMZwV3E42Z5fsCfAycWYkh2aodrI/7W5IY8kCoIJo3XLsCNyEKOBUsFGmHWsWETogPdYyNCCSaTeZfDPCp0bpYj9UpgLAE/XvREKk1kPpmc7xvXrRG4v/ea0Y/Cs34UEUAwvodJEfCwwhHkeDu1wxCmJoCKGKm1sx7RNFKJgA57Z4cmQycRYTWCb1csk5L5XvL3KVu1k6aXSEjlEeOegSVdAtqqIaougJvaBX9GY9W+/Wh/U5bU1Zs5lDNAfr6xeNXqBd</latexit>

covariance function, 
defines time dynamics

Skill becomes a (latent) stochastic process

p(i � j | t) =
1

1 + exp{�[si(t)� sj(t)]}
<latexit sha1_base64="WbOUPImugAWxZeTwfab5BbunGSI="></latexit>

Obs. model is conditionally parametric:
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Covariance functions
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Brownian motion

Smooth dynamics

Mean-reverting, stationary dynamics

Discontinuities



Outline
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Inference 
algorithm

Experimental 
evaluation

1 2



Model inference
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p(s1, . . . , sM | D) /
MY

i=1

p(si)
Y

(i,j,t)2D

p(i � j | t)

⇡ q(s1, . . . , sM )
.
=

Y

i

N (si | µi,⌃i)
<latexit sha1_base64="0FzKYe2SSC9AVUb1RrhRqQKX6Jg="></latexit>

p(s1, . . . , sM | D) /
MY

i=1

p(si)
Y

(i,j,t)2D

p(i � j | t)

⇡ q(s1, . . . , sM )
.
=

Y

i

N (si | µi,⌃i)
<latexit sha1_base64="0FzKYe2SSC9AVUb1RrhRqQKX6Jg="></latexit>

si =
⇥
si(t1) · · · si(tN )

⇤
<latexit sha1_base64="un8hfWeWeuxcMVRXm40vYRjEgNQ="></latexit>

⇡ N [si(t) | µ̃it, �̃it] · N [sj(t) | µ̃jt, �̃jt]
<latexit sha1_base64="vhqPj3YNxFSmOXfdHY34d2eg7wM="></latexit>

min
{µi,⌃i}

KL(qkp)
<latexit sha1_base64="iPYonIaDYxGGMw+1+OvGyQ9HAOQ="></latexit>

q(si) / p(si)
Y

t2D
N [si(t) | µ̃it, �̃it]

<latexit sha1_base64="qxuj8MafwqHyX1tUyTpJgrbN85k="></latexit>

Alternative viewpoint:

q(si)/p(si)
<latexit sha1_base64="Niwxf5N6ktGkqtMvVoSczJmhTHM=">AAACEXicdVDLSgMxFM3UV62vUVfiJliEuqkz01brriCIywr2Ae0wZNK0DU1mxiQjlKH4EX6DW127E7d+gUv/xPQhWtEDgXPPuZebe/yIUaks691ILSwuLa+kVzNr6xubW+b2Tl2GscCkhkMWiqaPJGE0IDVFFSPNSBDEfUYa/uB87DduiZA0DK7VMCIuR72AdilGSkueuXeTa/s8kSOPHsFjGH1Xnpm18kXHKpVOoJW3JtDEPnMK5TK0Z0oWzFD1zI92J8QxJ4HCDEnZsq1IuQkSimJGRpl2LEmE8AD1SEvTAHEi3WRywggeaqUDu6HQL1Bwov6cSBCXcsh93cmR6svf3lj8y2vFqlt2ExpEsSIBni7qxgyqEI7zgB0qCFZsqAnCguq/QtxHAmGlU5vb4vORzuTrcPg/qTt5u5B3rorZysUsnTTYBwcgB2xwCirgElRBDWBwBx7AI3gy7o1n48V4nbamjNnMLpiD8fYJJ1GdJg==</latexit>

si(t) ⇠ GP[0, k(t, t0)]
<latexit sha1_base64="LuQOmJp/62XYXmAp4JLOqHRlnj8=">AAACHHicbVDLSgNBEJyNrxhfUY9eBqOYQAi7UdBjwIOeJIJ5QLKE2clsMmRmd5npFcKSH/Aj/AavevYmXgWP/omTx8EkFjQUVd10d3mR4Bps+9tKrayurW+kNzNb2zu7e9n9g7oOY0VZjYYiVE2PaCZ4wGrAQbBmpBiRnmANb3A99huPTGkeBg8wjJgrSS/gPqcEjNTJnugOz0MBtzWXuC0J9JVMbqqjll3EgzwUMZwV3E42Z5fsCfAycWYkh2aodrI/7W5IY8kCoIJo3XLsCNyEKOBUsFGmHWsWETogPdYyNCCSaTeZfDPCp0bpYj9UpgLAE/XvREKk1kPpmc7xvXrRG4v/ea0Y/Cs34UEUAwvodJEfCwwhHkeDu1wxCmJoCKGKm1sx7RNFKJgA57Z4cmQycRYTWCb1csk5L5XvL3KVu1k6aXSEjlEeOegSVdAtqqIaougJvaBX9GY9W+/Wh/U5bU1Zs5lDNAfr6xeNXqBd</latexit>



Inference algorithm
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for each item: 
recompute skill posterior

q(si) / p(si)
Y

t2D
N [si(t) | µ̃it, �̃it]

<latexit sha1_base64="lxaOwzSndQ6Hg5WXDrkZkBsuEnU="></latexit>

Using EP [Minka, 2001] or 
CVI [Khan et al., 2017]

for each observation: 
approximate                           byp(i � j | t)

<latexit sha1_base64="qRHQ1ApPURFlF+yLthqTURjPM5Q=">AAACC3icbVDLSsNAFJ3UV62vaJduBotQNyVRQZcFQVxWsA9oQplMJu3YmUmYmQgh9BP8Bre6didu/QiX/onTNgvbeuDC4Zx7OZcTJIwq7TjfVmltfWNzq7xd2dnd2z+wD486Kk4lJm0cs1j2AqQIo4K0NdWM9BJJEA8Y6Qbjm6nffSJS0Vg86CwhPkdDQSOKkTbSwK4mdQo9lWIMH6HHaQj12cCuOQ1nBrhK3ILUQIHWwP7xwhinnAiNGVKq7zqJ9nMkNcWMTCpeqkiC8BgNSd9QgThRfj57fgJPjRLCKJZmhIYz9e9FjrhSGQ/MJkd6pJa9qfif1091dO3nVCSpJgLPg6KUQR3DaRMwpJJgzTJDEJbU/ArxCEmEtelrISXgE9OJu9zAKumcN9yLxvn9Za15W7RTBsfgBNSBC65AE9yBFmgDDDLwAl7Bm/VsvVsf1ud8tWQVN1WwAOvrF89omi8=</latexit>

N [si(t) | µ̃it, �̃it]

⇥N [sj(t) | µ̃jt, �̃jt]
<latexit sha1_base64="jzqa72eB/rp8TWV3hoLieLc9Msk="></latexit>

Using SSM reformulation 
[Hartikainen & Särkka., 2010]

Converges in a few 
linear time iterations



SSM reformulation
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[O'Hagan, 1978] 
[Hartikainen & Särkkä, 2010]

si1 si2 siN

t1 t2 tN

y1 y2 yN

. . .

. . .

. . .

s̄ki1 s̄ki2 s̄kiN

t1 t2 tN

y1 y2 yN

. . .

. . .

. . .

K K K

1

si(t)
<latexit sha1_base64="x7p0NRkuZR9xEtilabuOBlcOSqU=">AAAB/HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRYEMRjBfsB7VKyabaNTbJLkhXKUn+DVz17E6/+F4/+E9N2D7b1wcDjvRlm5gUxZ9q47reTW1vf2NzKbxd2dvf2D4qHR00dJYrQBol4pNoB1pQzSRuGGU7bsaJYBJy2gtHN1G89UaVZJB/MOKa+wAPJQkawsVJT91jZnPeKJbfizoBWiZeREmSo94o/3X5EEkGlIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUokF1X46u3aCzqzSR2GkbEmDZurfiRQLrccisJ0Cm6Fe9qbif14nMeG1nzIZJ4ZKMl8UJhyZCE1fR32mKDF8bAkmitlbERlihYmxAS1sCcTEZuItJ7BKmtWKd1Gp3l+WardZOnk4gVMogwdXUIM7qEMDCDzCC7zCm/PsvDsfzue8NedkM8ewAOfrF7WdlVQ=</latexit>

is a Gaussian process

si1 si2 siN

t1 t2 tN

y1 y2 yN

. . .

. . .

. . .

s̄ki1 s̄ki2 s̄kiN

t1 t2 tN

y1 y2 yN

. . .

. . .

. . .

K K K

1

s̄i(t)
<latexit sha1_base64="oYHaWVI03f5Y7WMRqtsZsGY0mHE=">AAACCXicbVDLSsNAFJ3UV62vVJduBotQNyWpgi4LgrisYB/QhDCZTtqhM5MwM1FKyBf4DW517U7c+hUu/ROnbRbaeuDC4Zx7OZcTJowq7ThfVmltfWNzq7xd2dnd2z+wq4ddFacSkw6OWSz7IVKEUUE6mmpG+okkiIeM9MLJ9czvPRCpaCzu9TQhPkcjQSOKkTZSYFe9EMnMC3mm8jygdX0W2DWn4cwBV4lbkBoo0A7sb28Y45QToTFDSg1cJ9F+hqSmmJG84qWKJAhP0IgMDBWIE+Vn89dzeGqUIYxiaUZoOFd/X2SIKzXlodnkSI/VsjcT//MGqY6u/IyKJNVE4EVQlDKoYzjrAQ6pJFizqSEIS2p+hXiMJMLatPUnJeS56cRdbmCVdJsN97zRvLuotW6KdsrgGJyAOnDBJWiBW9AGHYDBI3gGL+DVerLerHfrY7FasoqbI/AH1ucPVByanw==</latexit>

is a Gauss-Markov process



Experimental evaluation
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Dataset N  Timespan

ATP tennis 618,934 1991-2017

NBA basketball 67,642 1946-2018

FIFA football 19,158 1908-2018

Chess 7,169,202 1475-2017

StarCraft WoL 61,657 —

StarCraft HotS 28,582 —

Measure predictive performance, 
compare against: 

• Static 

• Elo rating system 

• Trueskill

si  si + �
@

@si
log p(i � j)

<latexit sha1_base64="Q1Yku/zj+QIhvwBs5CImO7/UUSw="></latexit>

si(t) ⌘ si
<latexit sha1_base64="g3Jxmsj1WYQihZpIiU5iUk/iFS0=">AAACCXicbVDLSsNAFJ34rPWV6tLNYBHqpiRV0GVBEJcV7APaECbT23boZBJnJpUS+gV+g1tduxO3foVL/8Rpm4VtPXDh3HPu5V5OEHOmtON8W2vrG5tb27md/O7e/sGhXThqqCiRFOo04pFsBUQBZwLqmmkOrVgCCQMOzWB4M/WbI5CKReJBj2PwQtIXrMco0Uby7YLyWUmf4w48JmyETefbRafszIBXiZuRIspQ8+2fTjeiSQhCU06UartOrL2USM0oh0m+kyiICR2SPrQNFSQE5aWz1yf4zChd3IukKaHxTP27kZJQqXEYmMmQ6IFa9qbif1470b1rL2UiTjQIOj/USzjWEZ7mgLtMAtV8bAihkplfMR0QSag2aS1cCcKJycRdTmCVNCpl96Jcub8sVm+zdHLoBJ2iEnLRFaqiO1RDdUTRE3pBr+jNerberQ/rcz66ZmU7x2gB1tcvPcuZ9A==</latexit>

si(t+�t) = si(t) +N [0,�2�t]
<latexit sha1_base64="pKOKUmrC3cec+EMhZH9mhDQU3b0="></latexit>



Predictive log-loss
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si1 si2 siN

t1 t2 tN

y1 y2 yN

. . .

. . .

. . .

s̄ki1 s̄ki2 s̄kiN

t1 t2 tN

y1 y2 yN

. . .

. . .

. . .

K K K

Dataset Constant Elo TrueSkill kickscore Covariance function

ATP tennis 0.581 0.563 0.563 0.552 Affine + Wiener
NBA basketball 0.692 0.634 0.634 0.630 Constant + Matérn 1/2
World football 0.929 0.950 0.937 0.926 Constant + Matérn 1/2
ChessBase small 1.030 1.035 1.030 1.026 Constant + Wiener

1

kickscore outperforms 
baselines on all datasets

Best dynamics vary 
across datasets



Experimental evaluation
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Multi-threaded implementation in Go 

→ linear speed-up with # threads 

→ scales to 7M observations seamlessly

Impact of variational approximation

p(s1, . . . , sM | D) /
MY

i=1

p(si)
Y

(i,j,t)2D

p(i � j | t)

⇡ q(s1, . . . , sM )
.
=

Y

i

N (si | µi,⌃i)
<latexit sha1_base64="0FzKYe2SSC9AVUb1RrhRqQKX6Jg="></latexit>

predictive accuracy is preserved

Extensions of the model 

• handle intransitive data 

• accommodate other observations 
likelihoods (Poisson, Gaussian, ...)



ATP tennis
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Online resources
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Online resources
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https://kickoff.ai



Conclusion
Key contributions: 

→ Pairwise comparison model with 
flexible time-dynamics 

→ Linear-time inference algorithm
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pip install kickscore

Try it out:


